We report the observation of self-similar propagation of boundstate pulses in an ytterbium-doped double-clad fiber laser. A bound state of two positively chirped parabolic pulses with 5.4 ps duration separated by 14.9 ps is obtained, with 1.7 nJ of energy per pulse. These pulses are extracavity compressed to 100 fs. For higher pumping power and a different setting of the intra-cavity polarization controllers, the laser generates a bound state of three chirped parabolic pulses with different time separations and more than 1.5 nJ energy per pulse. Perturbation of this bound state by decreasing pump power results in the generation of a single pulse and a twopulse bound state both structures traveling at the same velocity along the cavity. A possible explanation of the zero relative speed by a particular phase relation of the bound states is discussed. 209-228 (2005). 27. V. Roy, M. Olivier, and M. Piché, "Pulse interactions in the stretched-pulse fiber laser," Opt. Express 13, 9217-9223 (2005).
Introduction
Ytterbium-doped fiber lasers have attracted much interest in the last few years as sources of femtosecond pulses due to the large gain bandwidth and exceptional efficiency of ytterbiumdoped fibers, as well as the convenience of pumping with telecom-grade laser diodes. The association of these characteristics with the high stability, compact size and efficient heat dissipation of fiber technology make these lasers practical alternatives to bulk laser systems. To date, the shortest and most energetic pulses generated in a fiber laser are obtained using polarization additive pulse mode-locking (P-APM) [1]. In particular, using intracavity dispersion management, it is possible to produce pulses with durations as short as 36 fs and energies as high as 2 nJ [2, 3] . This stretched-pulse laser configuration can support higher energies than conventional soliton fiber lasers [4] . Nevertheless, they are limited to less than 3 nJ by the saturation of the P-APM mechanism [5, 6] and wave-breaking in the anomalous dispersion fiber segment [7] . As a consequence, the laser operates in multiple pulsing mode, i.e., several pulses coexist in the cavity, when the pump power is increased beyond a critical value [8, 9] . In soliton fiber lasers, this behavior is observed at a lower threshold due to soliton energy quantization [8] . In general, these pulses are randomly separated. Under certain conditions these pulses can be regularly spaced in the cavity leading to passive harmonic [7, 19, 20] . Femtosecond pulses with more than 10 nJ energy have already been generated [19] and theoretical predictions promote the possibility of some hundreds of nanojoules [18] . However, a less fundamental, but a stringent limitation to the pulse energy arises from overdriving of the P-APM mechanism, which results in multiple-pulsing at high pumping powers [19] . Therefore, it is important to understand the mechanisms of multiple pulsing, including bound pulse formation, both for the practical goal of generating pulses with higher energies and for a fuller understanding of mode-locked laser dynamics.
Here, we report, for the first time to our knowledge, the observation of bound states of two and three parabolic pulses in an ytterbium-doped fiber laser operating in the self-similar regime. Consequently, this ubiquitous phenomenon is confirmed to exist in all fiber lasers utilizing the P-APM mechanism, whether the laser operates in the soliton, stretched-pulse, or self-similar regimes.
Experimental setup
The experimental setup consists of a fiber laser utilizing P-APM ( Fig. 1) [1, 21] . A polarizing isolator provides unidirectional operation and polarization selectivity in a ring-cavity configuration. The amplifying medium is a double-clad ytterbium-doped fiber, which is sidepumped using the v-groove technique by a large strip diode with a maximum power of 3.7 W at 975 nm. The single-mode core diameter of the double-clad gain fiber is 7 µm with a numerical aperture of 0.12 and its second cladding is a 125x125 µm 2 square with a numerical aperture of 0.4. The length of the gain fiber is 4 m, which allows nearly complete absorption of the pump power. Undoped single-mode fibers are spliced to both ends of the double-clad gain fiber leading to a total fiber length of about 8 m. The free-space section of the cavity is about 1 m-long. The average group-velocity dispersion of the gain fiber and the undoped fibers has been measured using the sideband method to be 0.026 ps 2 /m around 1050 nm. A grating pair with 1200 lines/mm partially compensates the positive (normal) group-velocity dispersion of the fiber. All the results presented below are obtained for an overall grating separation of 2.2 cm, which corresponds to a second order GVD of -0.16 ps 2 at 1050 nm. The total cavity GVD is then +0.047 ps 2 . The zero-order diffraction of the first grating serves as the output coupler, and a half-wave plate introduced right after the isolator allows precise control of the output coupling ratio. 
Results

Bound states of two parabolic pulses
The operation of the laser is strongly dependent on the orientation of the intra-cavity polarization controllers. Generation of highly energetic and ultra-short bound states of two stretched-pulses has been reported in Ref 12. Here we are interested in the generation of bound states of parabolic pulses. Typical operation of this laser in the single pulse regime is obtained for about 1.7 W pump power and chirped-parabolic pulses with 6.5 ps duration and 3.2 nJ energy are then generated [22] . The orientation of the wave plates is intentionally chosen such that the laser generates two bound parabolic pulses. The output-coupling coefficient is relatively high (about 75 %). The pump-power threshold leading to this regime corresponds to a pump power of 1.8 W. The fundamental cavity repetition rate is 20 MHz. Fig. 2(a) shows the optical power spectrum of the bound pulses. The optical spectrum is modulated by a two-wave interference pattern with a contrast approaching unity as shown on the expanded portion of the spectrum in the inset of Fig. 2(a) . This high-contrast interference pattern remains stable for hours indicating that the two pulses comprising the bound-pulse have a fixed phase relationship. The period of the spectral modulation is Δ λ = 0.25 nm, which implies a pulse separation of Δ τ = 14.9 ps. The autocorrelation trace shown in Fig. 2 (b) confirms this separation, with the two side-peaks situated at 14.9 ps from the central peak. Given that the secondary peaks of the autocorrelation trace are half of the main peak, we infer that the two pulses are equal in size. Fig. 2(b) shows also theoretical fits of the central peak with sech 2 , Gaussian and parabolic profiles. The experimental autocorrelation shows better agreement with a parabolic pulse profile, which is consistent with self-similar pulse propagation. This assumption is supported by the observation of the optical spectrum. This is reflected in the spectrum, which exhibits a parabolic shape around the center with a transition to a steep decay (see Fig. 2(a) ). In Fig. 2(a) , the spectral width is best fit with a 26 nm parabolic shape centered around 1052 nm. The pulse duration assuming a parabolic pulse shape is 5.45 ps. The pulse pair can be compressed extra-cavity using a grating pair. The best fit is obtained with a sech 2 profile leading to a pulse duration of 115 fs (see Fig. 3 ). The correct spectral shape (parabolic around the center with a transition to a steep decay) is a necessary condition but not sufficient to conclude about the self-similar propagation of the pulses inside the cavity. Indeed, such parabolic profile could be obtained while the pulse propagation remain consistent with a stretched-pulse evolution which is characterized by two minima of the pulse duration inside the cavity [1] . Results corresponding to such situations have been already reported in references 12, 17 and 18. Moreover, the transition from the stretched-pulse regime to the self-similar propagation regime is obtained by changing the setting of the intra-cavity polarization controllers while maintaining fixed all the other parameters (average cavity dispersion, pumping power, and output coupling). So, the distinction between these two regimes must be clearly defined using other criteria. The second important requirement for self similar pulse propagation in an oscillator rise from the particular evolution of the pulse as it traverses the laser which is fundamentally distinct from the pulse evolution in soliton and stretched-pulse lasers. The pulse is always positively chirped inside the laser with a minimum pulse duration after the intra-cavity gratings just before entering the fiber [18] [19] . Information about the intra-cavity pulse evolution could be inferred from the magnitude of anomalous GVD required to dechirp the pulse pair outside the cavity. In our case, the anomalous dispersion necessary for compression of the parabolic pulses is approximately 0.20 ps 2 , whereas the intra-cavity grating pair provides 0.16 ps 2 . This indicates that the pulses are still highly positively chirped before entering the fiber after the intra-cavity gratings. Therefore, we conclude that the pulses are always positively chirped inside the cavity with a minimum near the beginning of the fiber just after the gratings.
We measured 70 mW average output power for a pump power of 1.8 W which corresponds to 1.75 nJ energy per pulse. For the output-coupling ratio of 75%, the estimated intra-cavity pulse energy is 2.3 nJ. The extracted pulse energy is lower than that obtained in the stretched pulse regime [12] . It is natural to ask why energy is weaker in our case whereas the results reported on similariton lasers show that this regime of operation is favorable for high energy extraction from fiber oscillators [18] [19] . We believe that limitation of pulse energy in our case could be attributed to the large length of gain fiber used in our configuration. As a consequence, nonlinearities experienced by the pulse during amplification are very important leading to the saturation of the P-APM mechanism at low energy levels. This suggests that to benefit maximally from the similariton regime, it is essential to design an adequate cavity for nonlinearity management. 
Bound states of three parabolic pulses
It is natural to expect that multiple bound pulses should be observed at higher powers. Indeed, at higher pump power and for a different setting of the polarization controllers, we observe the emission of bound states of three parabolic pulses with different time delays. The scenario leading to the formation of this bound state is as follows. The output coupling is maintained at the high value of 75%. At the lowest pump powers, only continuous wave (cw) operation is observed. The mode-locking threshold is reached at a pump power of 1.9 W, at which point the laser directly exhibits a bound state of three parabolic pulses. Fig. 4 shows the corresponding optical spectrum, as well as theoretical fits by sech 2 , Gaussian and parabolic profiles. The spectrum is strongly modulated, which indicates that a precise phase relationship is maintained between the pulses; modulation contrast approaches unity over the entire 30 nm spectral width. A magnified portion of this spectrum is shown in the inset of Fig. 4 . The alternation of higher and lower intensity fringes is typical of three-wave interference. In addition, the overmodulation of the fringes indicates that the laser generates three pulses with different time separations. By Fourier-transforming this spectrum, its modulation was checked to be compatible with three identical pulses having two different but close separations. The measured autocorrelation traces obtained before and after pulse dechirping are presented in Fig. 5 . It results effectively from the existence of three pulses with equal amplitudes but with two different time separations Δτ 1 and Δτ 2 , providing seven peaks in ratio 1/3, 1/3, 1/3, 1, 1/3, 1/3, 1/3. From the autocorrelation trace, we can deduce that the time separations between adjacent pulses are Δτ 1 =18.13 ps and Δτ 2 =19.97 ps, which correspond to the different "pseudo-periods" of the spectral modulation deduced from the zoom of the spectrum (inset in Fig. 4) . The optical spectrum is best fit with a parabolic profile with a spectral width of about 30 nm (Fig. 4) . The inset of Fig. 5 shows the details of the central peak of the chirped pulses autocorrelation trace. The chirped pulses are fit well with a parabolic profile over more than one order of intensity variation, consistent with self-similar pulse formation. The chirped pulses duration is 5.9 ps. It is about 10% longer than in the case of the twin pulse regime. These pulses are extra-cavity compressed to 100 fs, assuming sech 2 shape. We measure an output power of 95 mW for 1.9 W of pump power. The energy content of each pulse is, thus, estimated to be 1.6 nJ (2.13 nJ intra-cavity). It was confirmed that in this case as well the negative dispersion needed for external compression is higher than that provided by the intracavity grating pair. It is common for highly nonlinear, mode-locked lasers to exhibit strong hysterisis between mode-locking and cw operation. In the presence of the three bound pulses, by decreasing the pump power to 1.85 W, while keeping all other parameters unchanged, we observe the disassociation of the third pulse from the bound triplet state: stable co-emission of a pair of bound parabolic pulses coexists with a single parabolic pulse within the same cavity round trip. We thus obtain a bound state of two parabolic pulses and a single parabolic pulse, separated by 22 ns. The temporal trace observed with a 5-GHz oscilloscope and an 8-GHz photodetector is presented in Fig. 6(a) . The oscilloscope traces feature two peaks per cavity roundtrip. The largest one, identified as a doublet, is twice the second one in amplitude which is identified as a singlet. The two peaks appear stably on the screen and do not collide together. Note that the cavity roundtrip time is 50 ns.
Pulse collisions in fiber lasers have recently attracted much interest and different interaction scenarios have been reported [22] [23] [24] [25] [26] . Collisions can take place between a bound state of two or more pulses and a single pulse. In particular, the interaction of a two pulses bound state and a single pulse have been largely studied [22] [23] [24] [25] [26] . The interaction process is a result of the asymmetry of the bound state because of the π/2 phase difference between the two pulses. Hence, the doublet and the singlet move at different velocities leading to their collision at some stage in the cavity [26] . This process can repeat itself indefinitely with relatively long period.
The absence of collision between the singlet and the doublet generated in our case means that both structures move endlessly at the same group velocity. This zero relative speed could be related to the fact that the phase difference between the two pulses of the pair is zero or π. Note that such phase relationships have been theoretically predicted in the case of an erbium doped fiber laser operating in the normal dispersion regime [15] . Unfortunately, the phase relationship between the two pulses of the doublet could not be inferred from the position of the fringes because of their large time separation (more than 315 times the dechirped pulse duration). Numerical simulations are clearly needed to understand the key parameters underlying the self-similar bound pulses operation and give more precisions about their phase relationship characteristic. Fig. 6(b) shows the corresponding optical spectrum with three different theoretical fits. The optical spectrum is best fit with a 29-nm wide parabolic profile. The spectrum is modulated with a two-wave interference pattern, and the modulation contrast is diminished by about one third, consistent with the unbound pulse being uncorrelated in phase. The modulation period is 0.104 nm, corresponding to a time separation between the bound pulses of 36.26 ps. This is confirmed by autocorrelation measurement (see the inset of Fig. 7 ). The autocorrelation trace is best fit with a sech 2 profile leading to an inferred pulse duration of 100 fs (assuming sech 2 pulse shape). The average power of 78 mW, which corresponds to energy per pulse of 1.3 nJ (1.75 nJ intra-cavity).
After further decreasing the pumping power to below 1.77 W, one of the bound pulses disappears and the laser supports two unbounded pulses separated by about 20 ns (output power of 67 mW). No modulation is observed on the optical spectrum. For pump powers less than 1.7 W, the laser operates in the single pulse regime with pulse energy exceeding 2 nJ. Mode-locking is lost once the pump power is decreased below 1.6 W. 
Conclusion
In conclusion, we report the experimental observation of ultra-short bound states in an ytterbium-doped double-clad fiber laser operating in the self-similar regime. Along with the previously reported results on bound pulse formation in the soliton and the stretched-pulse regimes, these results constitute the observation of the last member of the family of bound pulses; bound pulses exist for all common mode-locking regimes. Therefore, one is led to the significant conclusion that the mechanism underlying the formation of bound pulses is independent of the precise details of the complex interplay between Kerr nonlinearity and dispersion, which dominates pulse shaping. Positively chirped two or three parabolic bound pulses with more than 1.5 nJ energy per pulse are obtained. These pulses are extra-cavity compressed to about 100 fs with a factor of 30, or more. The triplet state demonstrates that the inter-pulse separation is not necessarily constant when more than two pulses are bound, which has important implications for passive harmonic mode-locking operation of fiber lasers. We also report the observation of disassociation of the triplet to a bound doublet and a free pulse, when the effective nonlinearity of the system is decreased via the reduction of pump power. The important feature of these two structures is their zero relative speed which could be attributed to their particular phase relationship that would be 0 or +π. From a practical point of better understanding of the bound pulse formation mechanism may be the key to overcoming the limitation to pulse energy in fiber lasers utilizing the P-APM technique.
